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Greek Alphabet

A α alpha H η eta N ν nu T τ tau
B β beta Θ θ � ϑ theta Ξ ξ xi ϒ υ upsilon
Γ γ gamma I ι iota O o omicron Φ φ � ϕ phi
∆ δ delta K κ kappa Π π pi X χ chi
E ε epsilon Λ λ lambda P ρ rho Ψ ψ psi
Z ζ zeta M µ mu Σ σ sigma Ω ω omega

Series

Geometrical progression

Sn
� a

�
az
�

az2 ���������
azn � 1 � a

1 � zn

1 � z 	 S∞
� a

1 � z
when 
 z 
�� 1 	

Power series

expz � 1
�

z
� z2

2!
� z3

3!
��������� zn

n!
������

cosz � eiz � e � iz

2
� 1 � z2

2!
� z4

4!
� z6

6!
�������

sinz � eiz � e � iz

2i
� z � z3

3!
� z5

5!
� z7

7!
������

�
1
�

z � p � 1
�

pz
� p

�
p � 1 �
2!

z2 � p
�
p � 1 � � p � 2 �

3!
z3 ������� � 
 z 
�� 1

ln
�
1
�

z � � z � z2

2
� z3

3
� ����� �

� � z � n
n

� ����� � 
 z 
�� 1

Stirling’s formula

lnn! � n lnn � n for large n

Determinants���� a b
c d

������ ad � bc

In general,

det
�
A � � ∑

j
Ai jC ji (i fixed at any value) �

where the cofactor C ji is
� � 1 � i � j times the determinant of the matrix obtained by deleting the ith row

and the jth column of A. For example,������
a11 a12 a13

a21 a22 a23

a31 a32 a33

������ � a11

���� a22 a23

a32 a33

���� � a12

���� a21 a23

a31 a33

���� � a13

���� a21 a22

a31 a32

����
� a11a22a33 � a11a23a32

�
a12a23a31 � a12a21a33

�
a13a21a32 � a13a22a31 	
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Integrals

� ∞

� ∞
exp ��� ax2 � dx ��� π � a � �

a � 0 �
� ∞

� ∞
x2n exp ��� ax2 � dx � 1 � 3 � 5 � 	�	�	 �

�
2n � 1 � � π � a�

2a � n
�
n � 1; a � 0 �

� ∞

0
rn exp

� � ar � dr � n!
an � 1

�
n � 0; a � 0 �

� π 	 2
0

sinm θcosn θdθ � m � 1
m
�

n

� π 	 2
0

sinm � 2 θcosn θdθ

� n � 1
m
�

n

� π 	 2
0

sinm θcosn � 2 θdθ �
so that

� π 	 2
0

sinm θcosn θdθ � �
m � 1 � � m � 3 � 	�	�	

�
n � 1 � � n � 3 � 	�	�	�

m
�

n � � m �
n � 2 � � m �

n � 4 � 	�	�	
� C �

where C � π � 2 if m and n are both even, and C � 1 otherwise. E.g.:

� π 	 2
0

sinθcos3 θdθ � 2
4 	 2

� 1
4

;
� π 	 2

0
sin2 θcos2 θdθ � 1 	 1

4 	 2
π
2
� π

16 	
Integration by parts� b

a
u

d 

dx

dx ��� u 
� ba �
� b

a

du
dx

 dx

Trigonometrical formulae

sin
�
A � B � � sinAcosB � cosAsinB

cos
�
A � B � � cosAcosB � sinAsinB

cosAcosB � 1
2 � cos

�
A
�

B � � cos
�
A � B � �

sinAsinB � 1
2 � cos

�
A � B � � cos

�
A
�

B � �
sinAcosB � 1

2 � sin
�
A
�

B � � sin
�
A � B � �

sinA
�

sinB � 2sin
A
�

B
2

cos
A � B

2

sinA � sinB � 2cos
A
�

B
2

sin
A � B

2

cosA
�

cosB � 2cos
A
�

B
2

cos
A � B

2

cosA � cosB � � 2sin
A
�

B
2

sin
A � B

2

Cosine formula

a2 � b2 � c2 � 2bccosA
4



Spherical Polar Coordinates

Relationship with Cartesian coordinates

x � r sinθcosϕ r � � x2 � y2 � z2

y � r sinθsinϕ θ � arccos
�
z � r �

z � r cosθ ϕ � arctan
�
y � x �

Integration

�
	�	�	 dV � � ∞

r � 0

� π

θ � 0

� 2π

ϕ � 0 	�	�	 r2 sinθdr dθdϕ

z

x
y

r
θ

ϕ

Laplacian

∇2ψ � ∂2ψ
∂x2

� ∂2ψ
∂y2

� ∂2ψ
∂z2

� 1
r2

∂
∂r

�
r2 ∂ψ

∂r � � 1
r2 sinθ

∂
∂θ

�
sinθ

∂ψ
∂θ � � 1

r2 sin2 θ
∂2ψ
∂ϕ2

Spherical Harmonics

Ylm
�
θ � ϕ � ��� 2l

�
1

4π
Clm

�
θ � ϕ � �

where

Clm
�
θ � ϕ � ��� � l �
m 
 � !�

l
� 
m 
 � ! � 1

2
P �m �l

�
cosθ � eimϕ �
	 � � 1 � m for m � 0,

1 for m � 0.

Here Pm
l is an associated Legendre polynomial. In particular,

C00
� 1 �

C10
� cosθ � z � r�

C1 �  1
� ��� 1

2 sinθe  iϕ � ��� 1
2

�
x � iy � � r�

C20
� 1

2

�
3cos2 θ � 1 � � 1

2

�
3z2 � r2 � � r2 �

C2 �  1
� ��� 3

2 cosθsinθe  iϕ � ��� 3
2

�
zx � izy � � r2 �

C2 �  2
� � 3

8 sin2 θe  2iϕ � � 3
8

�
x2 � y2 � 2ixy � � r2 	

Ladder Operators

Ĵ �� Ĵx � iĴy; Ĵ  
 J � M � � � J
�
J
�

1 � � M
�
M � 1 ��
 J � M � 1 �

5



Character tables for some important symmetry groups

Ci E i

Ag 1 1 Rx;Ry;Rz x2;y2;z2;xy;xz;yz
Au 1 � 1 x;y;z

Cs E σh

A
�

1 1 x;y Rz x2;y2;z2;xy
A
� �

1 � 1 z Rx;Ry xz;yz

C2 E Cz
2

A 1 1 z Rz x2;y2;z2;xy
B 1 � 1 x;y Rx;Ry xz;yz

2

C2v E Cz
2 σxz σyz

A1 1 1 1 1 z x2;y2;z2

A2 1 1 � 1 � 1 Rz xy
B1 1 � 1 1 � 1 x Ry xz
B2 1 � 1 � 1 1 y Rx yz

C2h E Cz
2 i σxy

Ag 1 1 1 1 Rz x2;y2;z2;xy
Bg 1 � 1 1 � 1 Rx;Ry xz;yz
Au 1 1 � 1 � 1 z
Bu 1 � 1 � 1 1 x;y

D2 E Cz
2 Cy

2 Cx
2

A 1 1 1 1 x2;y2;z2

B1 1 1 � 1 � 1 z Rz xy
B2 1 � 1 1 � 1 y Ry xz
B3 1 � 1 � 1 1 x Rx yz

D2d E 2S4 Cz
2 2C
�
2 2σd

A1 1 1 1 1 1 x2 � y2;z2

A2 1 1 1 � 1 � 1 Rz

B1 1 � 1 1 1 � 1 x2 � y2

B2 1 � 1 1 � 1 1 z xy
E 2 0 � 2 0 0 � x � y ��� Rx � Ry � � xz � yz �

6



D2h E Cz
2 Cy

2 Cx
2 i σxy σxz σyz

Ag 1 1 1 1 1 1 1 1 x2;y2;z2

B1g 1 1 � 1 � 1 1 1 � 1 � 1 Rz xy
B2g 1 � 1 1 � 1 1 � 1 1 � 1 Ry xz
B3g 1 � 1 � 1 1 1 � 1 � 1 1 Rx yz
Au 1 1 1 1 � 1 � 1 � 1 � 1
B1u 1 1 � 1 � 1 � 1 � 1 1 1 z
B2u 1 � 1 1 � 1 � 1 1 � 1 1 y
B3u 1 � 1 � 1 1 � 1 1 1 � 1 x

C3 E C3 C2
3 ω � exp � 2πi

�
3 �

A 1 1 1 z Rz x2 � y2; z2

1 ω ω2 x � iy Rx � iRy xz � iyz; x2 � 2ixy � y2

E �
1 ω2 ω x � iy Rx

� iRy xz � iyz; x2 � 2ixy � y2

3

C3v E 2Cz
3 3σv

A1 1 1 1 z x2 � y2;z2

A2 1 1 � 1 Rz

E 2 � 1 0 � x � y ��� Rx � Ry ��� xz � yz � ; � x2 � y2 � 2xy �
D3 E 2Cz

3 3C2

A1 1 1 1 x2 � y2;z2

A2 1 1 � 1 z Rz

E 2 � 1 0 � x � y ��� Rx � Ry ��� xz � yz � ; � x2 � y2 � 2xy �
D3d E 2C3 3C2 i 2S6 3σd

A1g 1 1 1 1 1 1 x2 � y2;z2

A2g 1 1 � 1 1 1 � 1 Rz

Eg 2 � 1 0 2 � 1 0 � Rx � Ry ��� xz � yz � ; � x2 � y2 � 2xy �
A1u 1 1 1 � 1 � 1 � 1
A2u 1 1 � 1 � 1 � 1 1 z
Eu 2 � 1 0 � 2 1 0 � x � y �

D3h E 2C3 3C2 σh 2S3 3σv

A
�
1 1 1 1 1 1 1 x2 � y2;z2

A
�
2 1 1 � 1 1 1 � 1 Rz

E
�

2 � 1 0 2 � 1 0 � x � y � � x2 � y2 � 2xy �
A
� �
1 1 1 1 � 1 � 1 � 1

A
� �
2 1 1 � 1 � 1 � 1 1 z

E
� �

2 � 1 0 � 2 1 0 � Rx � Ry � � xz � yz �
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C4v E 2C4 C2
4 2σv 2σd

A1 1 1 1 1 1 z x2 � y2;z2

A2 1 1 1 � 1 � 1 Rz

B1 1 � 1 1 1 � 1 x2 � y2

B2 1 � 1 1 � 1 1 xy
E 2 0 � 2 0 0 � x � y � � Rx � Ry � � xz � yz �

4

Note: The σv planes in C4v coincide with the xz and yz planes.

D4h E 2C4 C2
4 2C2 2C

�
2 i 2S4 σh 2σv 2σd

A1g 1 1 1 1 1 1 1 1 1 1 x2 � y2;z2

A2g 1 1 1 � 1 � 1 1 1 1 � 1 � 1 Rz

B1g 1 � 1 1 1 � 1 1 � 1 1 1 � 1 x2 � y2

B2g 1 � 1 1 � 1 1 1 � 1 1 � 1 1 xy
Eg 2 0 � 2 0 0 2 0 � 2 0 0 � Rx � Ry � � xz � yz �
A1u 1 1 1 1 1 � 1 � 1 � 1 � 1 � 1
A2u 1 1 1 � 1 � 1 � 1 � 1 � 1 1 1 z
B1u 1 � 1 1 1 � 1 � 1 1 � 1 � 1 1
B2u 1 � 1 1 � 1 1 � 1 1 � 1 1 � 1
Eu 2 0 � 2 0 0 � 2 0 2 0 0 � x � y �

Note: The C2 axes in D4h coincide with the x and y axes, and the σv planes with the xz and yz planes.

Note that the quantities η ��� 1
2 �
�

5 � 1 � satisfy η � 2 � 1 � η � and η � η � � 1.

C5v E 2C5 2C2
5 5σv η � � 1

2 �
�

5 � 1 �
A1 1 1 1 1 z x2 � y2;z2

A2 1 1 1 � 1 Rz

E1 2 η � � η � 0 � x � y � � Rx � Ry � � xz � yz �
E2 2 � η � η � 0 � x2 � y2 � 2xy �

5

D5 E 2C5 2C2
5 5C2 η � � 1

2 �
�

5 � 1 �
A1 1 1 1 1 x2 � y2;z2

A2 1 1 1 � 1 z Rz

E1 2 η � � η � 0 � x � y ��� Rx � Ry � � xz � yz �
E2 2 � η � η � 0 � x2 � y2 � 2xy �
D5d E 2C5 2C2

5 5C2 i 2S3
10 2S10 5σd η � � 1

2 �
�

5 � 1 �
A1g 1 1 1 1 1 1 1 1 x2 � y2;z2

A2g 1 1 1 � 1 1 1 1 � 1 Rz

E1g 2 η � � η � 0 2 η � � η � 0 � Rx � Ry � � xz � yz �
E2g 2 � η � η � 0 2 � η � η � 0 � x2 � y2 � 2xy �
A1u 1 1 1 1 � 1 � 1 � 1 � 1
A2u 1 1 1 � 1 � 1 � 1 � 1 1 z
E1u 2 η � � η � 0 � 2 � η � η � 0 � x � y �
E2u 2 � η � η � 0 � 2 η � � η � 0
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D5h E 2C5 2C2
5 5C2 σh 2S5 2S3

5 5σv η � � 1
2 �
�

5 � 1 �
A
�
1 1 1 1 1 1 1 1 1 x2 � y2;z2

A
�
2 1 1 1 � 1 1 1 1 � 1 Rz

E
�
1 2 η � � η � 0 2 η � � η � 0 � x � y �

E
�
2 2 � η � η � 0 2 � η � η � 0 � x2 � y2 � 2xy �

A
� �
1 1 1 1 1 � 1 � 1 � 1 � 1

A
� �
2 1 1 1 � 1 � 1 � 1 � 1 1 z

E
� �
1 2 η � � η � 0 � 2 � η � η � 0 � Rx � Ry � � xz � yz �

E
� �
2 2 � η � η � 0 � 2 η � � η � 0

C6v E 2C6 2C2
6 C3

6 3σv 3σd

A1 1 1 1 1 1 1 z x2 � y2;z2

A2 1 1 1 1 � 1 � 1 Rz

B1 1 � 1 1 � 1 1 � 1
B2 1 � 1 1 � 1 � 1 1
E1 2 1 � 1 � 2 0 0 � x � y ��� Rx � Ry � � xz � yz �
E2 2 � 1 � 1 2 0 0 � x2 � y2 � 2xy �

6

D6 E 2C6 2C2
6 C3

6 3C2 3C
�
2

A1 1 1 1 1 1 1 x2 � y2;z2

A2 1 1 1 1 � 1 � 1 z Rz

B1 1 � 1 1 � 1 1 � 1
B2 1 � 1 1 � 1 � 1 1
E1 2 1 � 1 � 2 0 0 � x � y ��� Rx � Ry � � xz � yz �
E2 2 � 1 � 1 2 0 0 � x2 � y2 � 2xy �
D6h E 2C6 2C2

6 C3
6 3C2 3C

�
2 i 2S3 2S6 σh 3σd 3σv

A1g 1 1 1 1 1 1 1 1 1 1 1 1 x2 � y2;z2

A2g 1 1 1 1 � 1 � 1 1 1 1 1 � 1 � 1 Rz

B1g 1 � 1 1 � 1 1 � 1 1 � 1 1 � 1 1 � 1
B2g 1 � 1 1 � 1 � 1 1 1 � 1 1 � 1 � 1 1
E1g 2 1 � 1 � 2 0 0 2 1 � 1 � 2 0 0 � Rx � Ry � � xz � yz �
E2g 2 � 1 � 1 2 0 0 2 � 1 � 1 2 0 0 � x2 � y2 � 2xy �
A1u 1 1 1 1 1 1 � 1 � 1 � 1 � 1 � 1 � 1
A2u 1 1 1 1 � 1 � 1 � 1 � 1 � 1 � 1 1 1 z
B1u 1 � 1 1 � 1 1 � 1 � 1 1 � 1 1 � 1 1
B2u 1 � 1 1 � 1 � 1 1 � 1 1 � 1 1 1 � 1
E1u 2 1 � 1 � 2 0 0 � 2 � 1 1 2 0 0 � x � y �
E2u 2 � 1 � 1 2 0 0 � 2 1 1 � 2 0 0
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T E 4C3 4C2
3 3C2 ω � exp � 2πi

�
3 �

A1 1 1 1 1 x2 � y2 � z2

E � 1 ω ω2 1 z2 � ω2x2 � ωy2

1 ω2 ω 1 z2 � ωx2 � ω2y2

T2 3 0 0 � 1 � x � y � z � � Rx � Ry � Rz � � yz � xz � xy �

Cubic

Td E 8C3 3C2 6S4 6σd

A1 1 1 1 1 1 x2 � y2 � z2

A2 1 1 1 � 1 � 1
E 2 � 1 2 0 0 � � 2z2 � x2 � y2 � �

�
3 � x2 � y2 � �

T1 3 0 � 1 1 � 1 � Rx � Ry � Rz �
T2 3 0 � 1 � 1 1 � x � y � z � � yz � xz � xy �

O E 8C3 3C2
4 6C4 6C2

A1 1 1 1 1 1 x2 � y2 � z2

A2 1 1 1 � 1 � 1
E 2 � 1 2 0 0 � � 2z2 � x2 � y2 � �

�
3 � x2 � y2 � �

T1 3 0 � 1 1 � 1 � x � y � z � � Rx � Ry � Rz �
T2 3 0 � 1 � 1 1 � xz � xy � yz �

Oh E 8C3 3C2
4 6C4 6C2 i 8S6 3σh 6S4 6σd

A1g 1 1 1 1 1 1 1 1 1 1 x2 � y2 � z2

A2g 1 1 1 � 1 � 1 1 1 1 � 1 � 1
Eg 2 � 1 2 0 0 2 � 1 2 0 0 � � 2z2 � x2 � y2 � �

�
3 � x2 � y2 � �

T1g 3 0 � 1 1 � 1 3 0 � 1 1 � 1 � Rx � Ry � Rz �
T2g 3 0 � 1 � 1 1 3 0 � 1 � 1 1 � xz � xy � yz �
A1u 1 1 1 1 1 � 1 � 1 � 1 � 1 � 1
A2u 1 1 1 � 1 � 1 � 1 � 1 � 1 1 1
Eu 2 � 1 2 0 0 � 2 1 � 2 0 0
T1u 3 0 � 1 1 � 1 � 3 0 1 � 1 1 � x � y � z �
T2u 3 0 � 1 � 1 1 � 3 0 1 1 � 1

Icosahedral
Ih E 12C5 12C2

5 20C3 15C2 i 12S3
10 12S10 20S6 15σ η � � 1

2 �
�

5 � 1 �
Ag 1 1 1 1 1 1 1 1 1 1 x2 � y2 � z2

T1g 3 η � � η � 0 � 1 3 η � � η � 0 � 1 � Rx � Ry � Rz �
T2g 3 � η � η � 0 � 1 3 � η � η � 0 � 1
Gg 4 � 1 � 1 1 0 4 � 1 � 1 1 0

Hg 5 0 0 � 1 1 5 0 0 � 1 1 ��� 1
12 � 2z2 � x2 � y2 � �

1
2 � x2 � y2 � � xz � xy � yz �

Au 1 1 1 1 1 � 1 � 1 � 1 � 1 � 1
T1u 3 η � � η � 0 � 1 � 3 � η � η � 0 1 � x � y � z �
T2u 3 � η � η � 0 � 1 � 3 η � � η � 0 1
Gu 4 � 1 � 1 1 0 � 4 1 1 � 1 0
Hu 5 0 0 � 1 1 � 5 0 0 1 � 1
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C∞v E 2Cz � α � ����� ∞σv

Σ � � A1 � 1 1 ����� 1 z x2 � y2;z2

Σ � � A2 � 1 1 ����� � 1 Rz

Π � E1 � 2 2cosα ����� 0 � x � y � � Rx � Ry � � xz � yz �
∆ � E2 � 2 2cos2α ����� 0 � x2 � y2 � 2xy �
Φ � E3 � 2 2cos3α ����� 0
����� ����������� ����� �����

Linear

D∞h E 2Cz � α � ����� ∞σv i 2Sz � α � ����� ∞C2

Σ �g � A1g � 1 1 ����� 1 1 1 ����� 1 x2 � y2;z2

Σ �g � A2g � 1 1 ����� � 1 1 1 ����� � 1 Rz

Πg � E1g � 2 2cosα ����� 0 2 � 2cosα ����� 0 � Rx � Ry � � xz � yz �
∆g � E2g � 2 2cos2α ����� 0 2 2cos2α ����� 0 � x2 � y2 � 2xy �
Φg � E3g � 2 2cos3α ����� 0 2 � 2cos3α ����� 0
����� ����������� ����������������� ����� �����������

Σ �u � A1u � 1 1 ����� 1 � 1 � 1 ����� � 1 z
Σ �u � A2u � 1 1 ����� � 1 � 1 � 1 ����� 1
Πu � E1u � 2 2cosα ����� 0 � 2 2cosα ����� 0 � x � y �
∆u � E2u � 2 2cos2α ����� 0 � 2 � 2cos2α ����� 0
Φu � E3u � 2 2cos3α ����� 0 � 2 2cos3α ����� 0
����� ����������� ����������������� ����� �����������

Selected tables for descent in symmetry

C2v C2 Cs Cs

� E � σxz � � E � σyz �
A1 A A

�
A
�

A2 A A
� �

A
� �

B1 B A
�

A
� �

B2 B A
� �

A
�

D3h C3v C2v Cs Cs

� σh
� σyz � � E � σh � � E � σv �

A
�
1 A1 A1 A

�
A
�

A
�
2 A2 B2 A

�
A
� �

E
�

E A1
�

B2 2A
�

A
� �

A
� �

A
� �
1 A2 A2 A

� �
A
� �

A
� �
2 A1 B1 A

� �
A
�

E
� �

E A2
�

B1 2A
� �

A
� �

A
� �

D∞h C2v

� x � y � z � � � x � z � y �
Σ �g A1

Σ �g B1

Πg A2
�

B2

∆g A1
�

B1

����� �����

Σ �u B2

Σ �u A2

Πu A1
�

B1

∆u A2
�

B2

����� �����

O � 3 � Oh Td

Sg A1g A1

Pg T1g T1

Dg Eg
�

T2g E
�

T2

Fg A2g
�

T1g
�

T2g A2
�

T1
�

T2

Gg A1g
�

Eg
�

T1g
�

T2g A1
�

E
�

T1
�

T2

����� ����� �����

Su A1u A2

Pu T1u T2

Du Eu
�

T2u E
�

T1

Fu A2u
�

T1u
�

T2u A1
�

T2
�

T1

Gu A1u
�

Eu
�

T1u
�

T2u A2
�

E
�

T2
�

T1

����� ����� �����
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Reduction of a representation
If Γ � a1Γ

�
1 � � a2Γ

�
2 � �

�����
�

anΓ
�
n � , then

ak � 1
h ∑

R
χ

�
k � � R � *χ � R � �

where χ � R � is the character of the operation R in the rep-
resentation Γ, χ

�
k � � R � is the character of the operation R in

the representation Γ
�
k � , and h is the number of elements in

the group.

Projection operators
The projection operator for representation Γ

�
k � is

P
�
k � � nk

h ∑
R

χ
�
k � � R � * R �

The projected function P
�
k � f obtained by applying P

�
k � to

any function f is either zero or a component of a basis for
representation Γ

�
k � .

Direct Products
Generally,

χΓ � Γ � � R � � χΓ � R � χΓ � � R � �

and if the resulting representation is reducible it can be re-
duced in the usual way. Alternatively the following rules
can be applied.

Treat g
�
u and
� � � �

symmetry separately. For groups with
an inversion centre,

g � g � u � u � g and g � u � u �

For groups with a horizontal plane σh but no inversion cen-
tre, single and double primes,

�
and
� �
, are used to denote

symmetry and antisymmetry with respect to σh. Then

� � � � � � � � � � � and
� � � � � � � �

Direct products involving nondegenerate representa-
tions are easily worked out from the character table. The
product of any A or B with any E is an E, and the product
of any A or B with any T is a T .

In the cubic groups Td , O and Oh,

E � E � A1
�

A2
�

E �
E � T1 � E � T2 � T1

�
T2 �

T1 � T1 � T2 � T2 � A1
�

E
�

T1
�

T2 �
T1 � T2 � A2

�
E
�

T1
�

T2 �

For products of Ei with E j in the axial groups the rules
are complicated. If there is only one E representation,
apart from g

�
u or
� � � �

labels, it should be considered as E1.
We need the order n of the principal axis, which is usually
obvious — e.g. n � 5 for D5h — but for Dmd with m even,
n � 2m (because Dmd has an S2m axis when m is even).

� a � For Ei � Ei:

(i) If E2i exists, then

Ei � Ei � A1
�

A2
�

E2i �

(ii) Otherwise, if 4i � n then

Ei � Ei � A1
�

A2
�

B1
�

B2

(iii) Otherwise

Ei � Ei � A1
�

A2
�

E � 2i � n � �

� b � For Ei � E j with i �� j:

(i) If Ei � j exists, then

Ei � E j � E � i � j � � Ei � j �

(ii) If 2 � i � j � � n, then

Ei � E j � E � i � j � � B1
�

B2

(iii) Otherwise

Ei � E j � E � i � j � � E � i � j � n � �

If there is only one A representation, apart from g
�
u or
� � � �

labels, read A1 and A2 above as A; similarly for B.

Examples

For E � E in C4v: there is only one E representation, so
treat it as E1. Rule a(i) doesn’t apply, because E2 doesn’t
exist, but a(ii) applies, so E � E � A1

�
A2
�

B1
�

B2.

For E1g � E2u in D5d , note first that g � u � u. Then we
need E1 � E2, for which rule b(iii) applies, with n � 5, so
the result is E1g � E2u � E1u

�
E2u.

Antisymmetrized Squares
The antisymmetric component of E � E or Ei � Ei is al-
ways A2. In the cubic groups, the antisymmetric part of
T1 � T1 and T2 � T2 is T1.
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nC2 ⊥ Cn?

nσv?

Cnv

σh?

Cnh

S2n    Cn?

S2n Cn

i?

C∞v

D∞h

i?
Ci

σ?

Cs

C1

i?

Ih I

i?

Oh O

i?

σ?

Th Td

Linear?

Are there any Cn proper
rotation axes, with n ≥ 2?

Find the order n of the highest-order
proper rotation axis Cn.

Is there more than one such axis?

Value of n?

5 (6C5)    4 (3C4)    3 (4C3)    2 (3C2)

T

σh?

nσd?

Dnh Dnd Dn

YesYes

Yes

Yes

Yes Yes

Yes

Yes

Yes

Yes Yes

YesYes

Yes

Yes

No

No

No

No

No

No

No

No

No

No

No NoNoNo

No

No

Yes

© A.J.S. 1991
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Space Groups
General Equivalent Positions (GEPs) and Special Equivalent Positions (SEPs)

Space group P21

GEPs:

2 @
�
xn � yn � zn � � � � xn � 1

2
�

yn ��� zn �
SEPs:

None

Space group P21/c

GEPs:

4 @
�
xn � yn � zn � � � � xn � 1

2
�

yn � 1
2 � zn � � � xn � 1

2 � yn � 1
2
�

zn � � � � xn ��� yn ��� zn �
SEPs:

4 pairs:

2 @
�
0 � 0 � 0 � and

�
0 � 1

2 � 1
2 �

2 @
�
0 � 0 � 1

2 � and
�
0 � 1

2 � 0 �
2 @

� 1
2 � 0 � 0 � and

� 1
2 � 1

2 � 1
2 �

2 @
� 1

2 � 1
2 � 0 � and

� 1
2 � 0 � 1

2 �

Space group P212121

GEPs:

4 @
�
xn � yn � zn � � � � xn � 1

2
�

yn � 1
2 � zn � � � 1

2
�

xn � 1
2 � yn ��� zn � � � 1

2 � xn ��� yn � 1
2
�

zn �
SEPs:

None
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Parameters for selected magnetic nuclei* 
 

 isotope natural abundance (%) spin, I  

 1H 100 1
2   

 2H 1.5 × 10–2 1  

 3H 0 1
2   

 6Li 7 1  

 7Li 93 3
2   

 10B 20 3  

 11B 80 3
2   

 13C 1 1
2   

 14N 100 1  

 15N 0.4 1
2   

 17O 3.7 × 10–2 5
2   

 19F 100 1
2   

 23Na 100 3
2   

 27Al 100 5
2   

 29Si 5 1
2   

 31P 100 1
2   

 51V 100 7
2   

 57Fe 2 1
2   

 77Se 8 1
2   

 103Rh 100 1
2   

 107Ag 52 1
2   

 109Ag 48 1
2   

 113Cd 12 1
2   

 119Sn 9 1
2   

 129Xe 26 1
2   

 195Pt 34 1
2   

 203Tl 30 1
2   

 205Tl 70 1
2   

 207Pb 23 1
2   

 

*The list is not exhaustive. 
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Amino acids                H3N
O–

O

HR  
 

 Name Three-letter code Single-letter code Side chain, R =  

 Serine Ser S CH2OH  
 Threonine Thr T CH(CH3)OH  
 Cysteine Cys C CH2SH  

 Methionine Met M CH2CH2SMe  

 Aspartic acid Asp D CH2COO–
 

 Asparagine Asn N CH2CONH2  
 Glutamic acid Glu E CH2CH2COO–

 
 Glutamine Gln Q CH2CH2CONH2  
 Lysine Lys K CH2CH2CH2CH2NH3

+
 

 Arginine Arg R CH2CH2CH2NH
NH2

NH2
+

 
 Glycine Gly G H  

 Alanine Ala A Me  

 Leucine Leu L CH2CHMe2  
 Isoleucine Ile I CH(Me)CH2Me  
 Valine Val V CHMe2  

 Histidine His H 

N

H 
NCH2

 

 Phenylalanine Phe F 

CH2

 

 Tyrosine Tyr Y 

CH2

OH  

 Tryptophan Trp W 

N 
H

CH2

 
     

 Proline* Pro P N

H

COO–

HH

 

*For proline the complete structure of the amino acid is shown. 
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Nucleotide bases 

 

 Name Abbreviation Structure 

 

Guanine G NH

N

N

N

O

NH2

 
 

Adenine A N

N

N

N

NH2

 
 

Cytosine C 

N

N

NH2

O

 
 

Thymine T 

N

NH

O

O

Me

 
 

Uracil U 

N

NH

O

O

 
 




